The bottom quark forward-backward asymmetry AFB is a key observable in electron-positron collisions at the Z 0 peak. In this paper, we employ the Principle of Maximum Conformality (PMC) to fix the αs-running behavior of the next-to-next-to-leading order QCD corrections to AFB. The resulting PMC scale for this AFB is an order of magnitude smaller than the conventional choice µr = MZ . This scale yields the correct physical behavior of the process and reflects the virtuality of its QCD dynamics, which is independent to the choice of renormalization scale. Our analyses show that the effective momentum flow for the bottom quark forward-backward asymmetry should be µr ≪ MZ other than the conventionally suggested µr = MZ . Moreover, since the divergent renormalon terms n!β n 0 α n s disappear by using the PMC, the convergence of pQCD series for AFB is greatly improved. Our prediction for the bare bottom quark forward-backward asymmetry is refined to be A 0,b FB = 0.1004 ± 0.0016, which diminishes the well known tension between the experimental determination for this (pseudo) observable and the respective Standard Model fit from 2.9σ to 2.1σ.
I. INTRODUCTION
The experiments in electron-positron collisions have collected a wealth of data for the electroweak observables at the Z 0 peak. The bottom quark forward-backward asymmetry A FB is a key precision electroweak observable, providing a stringent constraint on the effective electroweak mixing angle sin 2 θ eff W as well as the mass of Higgs boson. However, A FB shows the largest discrepancy with 2.9 standard deviations between the experimental measurements and the Standard Model (SM) predictions among the measured set of precision electroweak observables [1, 2] .
It is clearly important to understand whether this A FB deviation is due to underestimated experimental uncertainties or inadequate theoretical calculations, or even physics beyond the SM. On the side of perturbative QCD (pQCD) corrections, which is the focus of this paper, the bottom quark forward-backward asymmetry have been calculated in Refs. [3] [4] [5] to the next-to-leading order (NLO) in α s . The next-to-next-to-leading order (NNLO) QCD calculations in the limit of massless b quark have been carried out in Refs. [6] [7] [8] [9] . It was noted that in the limit of massless quark Q, the forward-backward asymmetry is not infrared (IR) safe regardless of whether it is defined by the direction of flight of the quark Q or by the thrust direction [8] . For top quark pair production in * email:sqwang@cqu.edu.cn † email:Rqing1008@163.com ‡ email:wuxg@cqu.edu.cn § email:longchen@mpp.mpg.de ¶ email:cqusjm@cqu.edu.cn electron-positron collisions, A t FB was computed at NNLO for the quark axis definition in [10, 11] using the partial result of [12] . The b quark forward-backward asymmetry was computed for m b = 0 at NNLO both for the quark axis and the thrust axis definition in Ref. [13] , for conventional scale settings. It was found that this result reduces the tension between the measurements and the SM predictions but only slightly to 2.6σ.
All of the QCD calculations mentioned above have been obtained based on conventional scale setting, i.e., one simply sets the renormalization scale as the center-of-mass energy µ r = √ s = M Z , and the scale uncertainty is determined by varying the scale within certain range, e.g., µ r ∈ [M Z /2, 2M Z ]. However, this ad hoc assignment of the renormalization scale, although conventional, introduces an inherent renormalization scheme-and-scale dependence in fixed-order predictions in perturbative QCD. The renormalization schemeand-scale dependence of fixed-order pQCD results violates the fundamental principle of the renormalization group invariance. One could obtain improper results if one applies this conventional procedure to QED processes [14] . The conventional scale setting procedure also leads to the renormalon n!β n 0 α n s terms [15] and thus a nonconvergent perturbative series. In fact, the renormalization scale and effective number of flavors n f at each perturbative order are in general distinct, reflecting the different virtuality of the QCD dynamics.
In contrast, the Principle of Maximum Conformality (PMC) [16] [17] [18] [19] [20] provides a systematic way to eliminate renormalization scheme-and-scale ambiguities in pQCD. The PMC provides the underlying principle for the Brodsky-Lepage-Mackenzie (BLM) method [21] . The PMC scales are determined by absorbing the {β i } terms that govern the behavior of the running coupling via the renormalization group equation. Since those PMC scales are independent to the choice of renormalization scale, the PMC solves the conventional renormalization scheme and scale ambiguity from a basic way that agrees with the renormalization group invariance [22] [23] [24] . After applying the PMC, there is residual scale dependence due to unknown perturbative terms, which is different from the conventional renormalization scale dependence and is highly suppressed [24] . Since the divergent renormalon terms disappear with the PMC scale setting, the convergence of pQCD series can be greatly improved.
We have shown that the large discrepancies between the experimental measurements and the SM predictions at the NLO QCD accuracy for the tt forward-backward asymmetry at hadron collisions can be attributed to an improper choice of the renormalization scale. Since the top-pair forward-backward asymmetry is dominated by the NLO-term where the scale uncertainty is huge, simply setting µ r = m t using conventional scale setting will cause unreliable predictions [25] . By using the PMC, a comprehensive and self-consistent analysis for both the tt production cross-section and the tt forward-backward asymmetry can be obtained [17, [26] [27] [28] ; especially, the large discrepancy of the tt forward-backward asymmetry between the SM estimate and the CDF and D0 measurements are greatly reduced [17] . (Finally, after having higher-order QCD corrections and the complete SM NLO corrections systematically accounted for in Ref. [29] a very good agreement was observed between the experimental measurements and the SM predictions.) Recently, it was shown that the correct physical behavior of the scale for the event shape observables, thrust (1 − T ) and C-parameter (C), can be obtained in electron-positron collisions by using the PMC [30] [31] [32] . The PMC scale depends dynamically on the virtuality of the underlying quark and gluon subprocesses.
It is interesting to clarify how much of the currently observed large deviation in the A FB in electron-positron collisions is due to the improper choice of the renormalization scales adopted in the theoretical computations. In this paper, using the PMC method we will make a detailed analysis for this observable A FB in electronpositron collisions in this regard. The remaining sections of this paper are organized as follows. In Sec.II, we describe various technical aspects of applying PMC scale setting to the calculation of the b quark forwardbackward asymmetry at NNLO in QCD. In Sec.III, we present the numerical results with discussions on the improvements from the PMC method. The paper is concluded with a summary in Sec.IV. For our PMC scale-setting analysis for the b quark forward-backward asymmetry to NNLO in QCD, we employ the computational set-up of Refs. [11, 13] for massive b quark pair production in electron-positron collisions. The NNLO QCD corrections consist of three classes of contributions: (i) the two-loop and 1-loop squared corrections to the two-parton final state (bb); (ii) the one-loop corrections to the three-parton final state (bbg); (iii) the tree level processes with four-parton final states (bbgg, bbqq, bbbb).
The QCD corrections for the b quark pair production cross section can be conveniently divided into the (hard) non-Coulomb and Coulomb part, i.e.,
where a s (µ r ) = α s (µ r )/π, µ r is the renormalization scale and σ (0) denotes the Born level cross section. The coefficients c 
The Coulomb correction is proportional to powers of (π/v) n and it plays an important role in the threshold region. The quark velocity is given by
where s is the squared e + e − center-of-mass energy and m b is the mass of the b quark.
The PMC scales must be determined separately for the non-Coulomb and Coulomb corrections [17, 33, 34] . After applying the PMC procedure, we obtain
where, Q h and Q v are the PMC scales for the non-Coulomb and Coulomb corrections, respectively. c (2) h,con (µ r ) and c
We found that the scale Q h associated with the (hard) non-Coulomb corrections is of the order m b , since it originates from the hard gluon virtual corrections and is determined for the short distance process. As expected, the scale Q v for the Coulomb corrections is of the order v m b , and depends continuously on the quark velocity v, as it originates from Coulomb rescattering. It is noted that the scale Q v becomes soft for v → 0. Thus, the PMC scales yield the correct physical behavior and reflect the virtuality of the QCD dynamics [34] . Also the number of active flavors n f changes with the PMC scales.
B. PMC scale-setting for the b quark forward-backward asymmetry
The b quark forward-backward asymmetry A FB is defined by
where N F and N B are the number of the (massive) b quarks observed in the forward and backward hemisphere, respectively. The asymmetry A FB can also be expressed in terms of the symmetric cross section σ S and the antisymmetric cross section σ A for the inclusive production of the b quark, i.e.,
The σ F and σ B are the forward and backward cross sections, respectively, which can be written in terms of differential cross sections as
where θ is the angle between the electron threemomentum and the axis defining the forward hemisphere. The energy ratio x is defined as
The QCD calculation for the forward-backward asymmetry A FB to NNLO can be parameterized as
in (µ r )
where A LO FB denotes the forward-backward asymmetry at the Born level. The δ (1) and δ (2) are the coefficients of the NLO and NNLO QCD corrections respectively. The NNLO coefficients δ (2) (µ r ) are given numerically in Ref. [13] both for the quark axis and thrust axis definition of the forward hemisphere. In order to identify the {β i } terms and then apply the PMC method properly, we computed the b quark forward-backward asymmetry at NNLO both for the thrust axis and the quark axis definitions using the results of Ref. [13] .
The b quark forward-backward asymmetry has been measured in electron-positron collisions at the Z 0 peak, where the center-of-mass energy is much larger than the b quark mass. Consequently, the quark velocity is v ∼ 1, and the Coulomb correction is negligible. We thus only need to determine the PMC scale for the hard virtual corrections. Since only the β 0 -term appears at the present NNLO level, we have just one PMC scale for the forwardbackward asymmetry A FB . Applying the standard PMC procedure to the QCD corrections of A FB to NNLO, we obtain
The PMC scale is determined as
and the conformal coefficient can be written as
The PMC scale for the NLO-term is determined by shifting the β 0 -term into the running coupling. We found that there is very small scale dependence from the NNLO-term for the asymmetry A FB . The PMC single-scale approach (PMC-s) provides a rigorous way to eliminate the scale dependence from the last term [35] . The PMC-s approach fixes the renormalization scale by directly requiring all the RG-dependent nonconformal terms up to a given order to vanish; thus it inherits most of the features of the PMC standard multiscale approach. Its predictions are also scheme independent due to the resulting conformal series [36] , and the convergence of the pQCD expansion is greatly improved due to the elimination of divergent renormalon terms. Thus, in order to eliminate the scale dependence from the last NNLO-term and ensure the renormalization scheme independence, we adopt the PMC-s approach to do the scale-setting.
The PMC scale µ PMC r is independent of the choice of the initial renormalization scale µ r . Therefore, multiplied by the scale-independent conformal coefficient, the resulting PMC prediction in Eq.(9) eliminates the renormalization scale uncertainty. Since the β 0 -term is absorbed into the coupling constant via the renormalization group equation, the correct argument of the coupling constant is thus determined. and PMC scale settings. The pure NNLO numbers for conventional scale settings agree with those given in Table 1 of Ref. [13] at the percent level.
III. NUMERICAL RESULTS AND DISCUSSIONS
For our numerical calculations, we use the RunDec program [37] to evaluate the MS scheme coupling constant. The input parameters are taken to be the same as those of Ref. [13] , e.g., we take the b-quark pole mass m b = 4.89 GeV, which is converted from the MS mass m MS b = 4.18 GeV, the sine of the weak mixing angle sin 2 θ W = 0.2229, the electromagnetic coupling α = 1/132.233 and G µ = 1.166379 × 10 5 GeV −2 .
A. The b quark forward-backward asymmetry with thrust axis definition
In Table I we present the QCD correction factors A FB /A LO FB for the b quark forward-backward asymmetry with the thrust axis definition at LO, NLO, NNLO using the conventional and PMC scale settings. The LO term provides the dominant contributions and is free from QCD interactions. In the case of conventional scale setting, the total QCD correction factor is 0.9605 for µ r = M Z , and its scale uncertainty is only 0.5% by varying µ r ∈ [M Z /2, 2M Z ]. Such a small scale uncertainty is due to cancelations among different contributing terms specific to A FB , and the scale uncertainty is rather large for each perturbative term. The NLO term is -0.0287 for µ r = M Z and its scale uncertainty is 21% by varying µ r ∈ [M Z /2, 2M Z ]. The NNLO term is −0.0108 for µ r = M Z and its scale uncertainty is 12% by varying µ r ∈ [M Z /2, 2M Z ]. Simply fixing the renormalization scale µ r = M Z might give a reasonable prediction for the total QCD correction; however, one cannot decide what is the exact QCD correction terms for each perturbative order.
We define a parameter
to show the relative importance of the NNLO-term and the NLO-term. predictions have a slow convergence in their perturbative series, which also depend on the choice of the scale µ r . After applying PMC scale setting, the renormalization scale uncertainty is eliminated. Moreover, due to the absorption of the divergent renormalon terms, the NLO correction term is largely increased while the NNLO correction term becomes very small compared to those in the conventional predictions. This ratio R = (A FB /A LO FB )| NNLO /(A FB /A LO FB )| NLO in the case of PMC prediction is about 8% for any choice of µ r . Thus the convergence of the perturbative series is significantly improved after using the PMC.
In Fig.(1) we plot the QCD correction factors A FB /A LO FB versus the renormalization scale µ r for the b quark forward-backward asymmetry with the thrust axis definition using the conventional and PMC scale settings. Figure (1) shows that using conventional scale setting, the QCD correction at NLO depends heavily on the choice of the scale µ r , whereas the scale dependence of the QCD correction at NNLO becomes smaller. This observation is consistent with the expectation that the scale dependence is progressively decreased by the inclusion of higher-order calculations. The total NNLO QCD correction factor (with the conventional scale setting) first decreases and then increases with increasing µ r , achieving its minimum value at µ r ∼ 6 GeV. In contrast, after using the PMC, the scale dependences of both the separate QCD corrections at each order and the total QCD correction are simultaneously eliminated. The total QCD correction factor with the PMC setting is almost fixed to be A FB /A LO FB = 0.9529 for a wide range of the scale µ r . This PMC-improved result is smaller compared to the conventional results obtained at µ r = M Z and is very close to the minimum of the conventional results obtained at µ r ∼ 6 GeV.
More explicitly, we determine the PMC scale to be µ PMC r = 9.7 GeV. (13) for the b quark forward-backward asymmetry with the thrust axis definition. Unlike conventional scale setting, where the scale is simply fixed at µ r = M Z , the PMC scale is determined by absorbing the {β i } terms of the pQCD series. The resulting optimal PMC scale is an order of magnitude smaller than the conventional choice µ r = M Z , reflecting the small virtuality of the QCD dynamics for the process in question. In addition, as shown by Fig.(1) , if one sets a very small scale in the conventional scale setting, the conventional result will become close to the PMC prediction, and the conventional pQCD convergence is improved compared to the case of µ r = M Z . Therefore the effective momentum flow for the b quark forward-backward asymmetry should be µ r ≪ M Z other than the conventionally suggested µ r = M Z . In fact, for the b quark production in electron-positron collisions at the Z 0 peak, there are two physical scales: the center-of-mass energy √ s = M Z and the b quark mass m b . The simple choice of the renormalization scale µ r = M Z , but not the µ r = m b , does not have a clear justification. Based on our investigation using the PMC, the effective momentum flow for the b quark forwardbackward should be µ r ≪ M Z . Such a point has been noted also in other similar dynamic processes [38, 39] : the charmonium production in electron-positron collisions at the B factories where the effective momentum flow is shown to be around µ r ∼ 2 GeV, far lower than the center-of-mass energy √ s = 10.6 GeV. There are some additional examples to show that the conventional choice of the scale is more of a guess work. The event shape observables in electron-positron collisions based on conventional scale setting by using µ r = √ s do not match the precise experimental data. There, only one value of α s at the scale M Z can be extracted and some extracted α s values based on the conventional analysis seem unrealistic [40] . The comprehensive analyses also show that the best choice of the effective renormalization scale should be µ r ≪ √ s [30, 31] .
B. The b quark forward-backward asymmetry with quark axis definition
We now move on to discuss applying the PMC method to the calculation of A FB with the quark axis definition where similar observations are made. We present the QCD correction factors A FB /A LO FB for the b quark forward-backward asymmetry with the quark axis definition at LO, NLO, NNLO using the conventional and PMC scale settings in Table II . We can see from −0.0125 for µ r = M Z and its scale uncertainty is 5% by varying µ r ∈ [M Z /2, 2M Z ]. The total QCD correction factor is 0.9584 for µ r = M Z , and its scale uncertainty is very small as in the case of using the thrust axis definition. In addition, Table II shows that the conventional predictions encounter also a slow pQCD convergence, i.e., the ratios R = (A FB /A LO FB )| NNLO /(A FB /A LO FB )| NLO are very large and are changed from 31% to 43% by varying the scale µ r ∈ [M Z /2, 2M Z ]. After applying PMC scale setting, the contribution from the NLO correction term is largely increased and the magnitude of the NNLO correction term becomes very small due to the absorption of the {β i } terms. The convergence of the PMC perturbative series is thus largely improved and the corresponding ratio is R = (A FB /A LO FB )| NNLO /(A FB /A LO FB )| NLO = 15% for any choice of µ r .
In Fig.(2) we plot the QCD correction factors A FB /A LO FB versus the renormalization scale µ r for the b quark forward-backward asymmetry with the quark axis definition using the conventional and PMC scale settings.
It shows that using conventional scale setting, the QCD correction at NLO depends heavily on the choice of the scale µ r ; the scale dependence is decreased by the inclusion of the NNLO QCD correction, same as shown in the case of using the thrust axis definition. After using the PMC, the renormalization scale uncertainty is eliminated and the total QCD correction is almost fixed to be A FB /A LO FB = 0.9484 for a wide range of the scale µ r . We find that the PMC scale is almost fixed to be µ PMC r = 8.9 GeV (14) for the b quark forward-backward asymmetry with the quark axis definition. Just as in the case of using the thrust axis definition, this optimal PMC scale is an order of magnitude smaller than the conventional choice of µ r = M Z , reflecting the small virtuality of the QCD dynamics. This shows again that the effective momentum flow for the b quark forward-backward asymmetry should be µ r ≪ M Z other than the conventionally suggested µ r = M Z .
In the following, we show how the PMC scale setting affects the so-called bare b quark forward-backward asymmetry extracted from experimental measurements. The A FB with QCD corrections calculated above cannot be compared directly with experimental measurements. We then proceed with the analysis following the same procedure as adopted in Ref. [13] . We compare our QCD corrections obtained using PMC scale setting with those that were taken into account in [1, 2, 41] . A pseudoobservable, the bare b-quark asymmetry A 0,b FB , is determined from the measured asymmetry A b,T FB,exp [41, 42] . In short, the asymmetry A b,T FB,exp was first corrected for QCD effects as follows
T a 2 s , (15) and then the QCD corrected "experimental" asymmetry (A 0,b FB ) exp was further corrected for higher order electroweak corrections etc, before a value of the bare asymmetry A 0,b FB was deduced. In this way, the experimental value determined for this pseudo-observable reads as A 0,b FB = 0.0992±0.0016 and shows a large deviation, about 2.9σ, from the SM fit A 0,b FB = 0.1038 [1, 2] if the NNLO QCD corrections for massless b quarks are used. It was noted that under the thrust axis definition, the QCD correction factor defined in Eq (15) using the conventional scale setting is (1+δ
T a 2 s ) = 0.9646±0.0063 [41] , where the error includes estimates of hadronization effects. After applying PMC scale setting, the QCD correction factor with the thrust axis definition as given in Table I 
T a 2 s ) = 0.9529, which is smaller than 0.9646 by 1.2%. Our QCD correction factor with refinements from the PMC method changes A 0,b FB = 0.0992 ± 0.0016 to
which shows a 2.1σ deviation from the SM fit A 0,b FB = 0.1038. We thus conclude that the PMC-improved calculation diminishes the well known tension between the bare b quark forward-backward asymmetry and its SM fit from 2.9σ to 2.1σ.
IV. SUMMARY
In the case of conventional scale setting, a fixedorder pQCD result contains an inherent renormalization scheme-and-scale dependence, which violates the fundamental principle of the renormalization group invariance. In contrast, the PMC procedure provides a rigorous method for unambiguously setting the renormalization scale, and the resulting PMC scale reflects the effective virtuality of the underlying QCD subprocesses. The PMC results are independent of the choice of the initial renormalization scale and the choice of renormalization scheme.
In this paper, we have employed the PMC method to fix the α s -running behavior of the QCD corrections at NNLO to the b quark forward-backward asymmetry A FB . The conventional results based on conventional scale setting are plagued by the scale µ r uncertainty and show a slow pQCD convergence due to the presence of the renormalon terms. The previous results for the pseudoobservable A 0,b FB show a large discrepancy of 2.9 standard deviations between the experimental determination and the corresponding SM prediction, which is reduced but only slightly to 2.6σ when the NNLO QCD corrections are included with full b quark mass effects using conventional scale setting [13] . After applying the PMC procedure, the so-refined pQCD prediction eliminates the renormalization scale uncertainty. The convergence of the pQCD series is also greatly improved, since the renormalon divergences are eliminated as well. We have determined the PMC scale for A 0,b FB at the Z 0 peak is ∼ 9 GeV, an order of magnitude smaller than the conventional choice µ r = M Z , reflecting the small virtuality of the QCD dynamics for this observable. The PMCimproved result for the bare b quark forward-backward asymmetry reads as A 0,b FB = 0.1004 ± 0.0016, which diminishes the well known tension between its experimental determination and the respective SM fit from 2.9σ to 2.1σ. Thus we think it is important to apply a proper scale-setting approach, such as PMC, to the pQCD series so as to achieve a more precise SM prediction, or a better constraint on the possible new physics.
